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Abstract
Plane waves in noncommutative classical electrodynamics (NCED) have a peculiar dispersion re-
lation. We investigate the kinematical conditions on this deformed ”mass shell” which come from
ultra high energy gamma rays and discuss noncommutative dynamical effects on the gamma ab-
sorption by the infrared background and on the intrinsic spectrum. Finally we note that in NCED
there is a strong correlation between the modified dispersion relation and the presence of dynamical
effects in electromagnetic phenomena such as in the case of the synchrotron radiation. From this
point of view, the limits on the typical energy scale of the violation of Lorentz invariance obtained by
deformed dispersion relations and by assuming undeformed dynamical effects should be taken with
some caution.
PACS numbers: 11.10.Nx 95.85.Pw 96.40-z
Recently there has been a growing interest in theories where the speed of light is different from c [1].
The main motivations of considering this ’heresy’ come from cosmology, quantum gravity and observation
and indeed, ultra high energy cosmic (UHECR) and gamma (UHEGR) rays have been detected with
energies which seem to be inconsistent with the standard GZK cutoff [2].
It has been suggested that a possible explanation of the observed high energy cosmic rays could be
a modified dispersion relation among energy, momentum and mass due to physical phenomena at Plank
scale [3, 4, 5, 6, 7, 8] or to explicit Lorentz invariant breaking terms in the lagrangian, originally proposed
in [9] and reconsidered more recently in [10].
Also in noncommutative electrodynamics (NCED) [11] one has a modified dispersion relation for the
electromagnetic waves and in this brief note we address the question whether it is compatible with the
experimental data on UHEGR and we discuss some noncommutative dynamical effects in gamma rays
absorption by the diffuse interstellar or intergalactic infrared radiation and in the TeV photon intrinsic
production spectrum.
The simplest case of NCED is described by the action (the fermionic field is omitted):
Iˆ = −
1
4
∫
d4x [FµνFµν −
1
2
θαβFαβF
µνFµν + 2θ
αβFαµFβνF
µν ] , (1)
where the noncommutativity of space-time coordinates has been expressed in the canonical form [12], by
xµ ∗ xν − xν ∗ xµ = iθµν , (2)
the ∗-product is the standard Moyal product ([13]); Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν ]∗ and Aˆµ has been
expressed in terms of a U(1) gauge field Aµ by the O(θ) Seiberg-Witten [14] map
Aˆµ(A, θ) = Aµ −
1
2
θαβAα(∂βAµ + Fβµ) . (3)
In [11] it was found that, in the presence of a background magnetic field ~b, the O(θ) plane-wave classical
solutions exist. The waves propagating transversely to ~b have a modified dispersion relation
ω/c = k(1− ~θT ·~bT ) (4)
(where ~θ ≡ (θ1, θ2, θ3), with θij = ǫijkθk, and θ
0i = 0) while the ones propagating along the direction of
~b still travel at the usual speed of light c.
For completeness, let us remark that the quantum theory of noncommutative electrodynamics is still
not completely understood. The perturbative calculations show a novel feature of the theory, called
infrared-ultraviolet (IR-UV) connection[13], that prevents to take the limit of the noncommutative pa-
rameter to zero and, moreover, the photon self energy introduces, at one loop order in perturbation theory,
a tachyonic pole which goes to minus infinity. However, in our opinion the IR-UV connection could be
for instance an effect induced by the application of standard perturbative techniques or by a restricted
theoretical framework. For example in [15] (see also [16]) it is shown that there are (scalar) field theories
where the IR-UV connection is absent and its presence depends on the projection on the noncommutative
plane. Due the present status of the quantum formulation of the noncommutative theory, we assume the
conservative point of view of working in the framework of the classical noncommutative theory which,
for ~θ → 0, reproduces the standard electrodynamics.
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The new dispersion relation in Eq. (4) has many physical consequences which are however not easily
observable. As a matter of fact, by using the bound of θ < 10−2(TeV )−2 [17], one would need a
background magnetic field of the order of 1 Tesla over a distance of 1 parsec to appreciate the shift of
the interference fringes due to the modified speed of noncommutative light. Mainly for this reason, other
classical and quantum phenomena have been recently proposed to improve the bound and to find new
applications of noncommutativity [18].
It is then interesting to verify whether the deformed dispersion relation in Eq.(4) is compatible with
the astrophysical observations of UHEGR [19] [20] and, more generally, what kind of phenomenological
limits on the energy scale which characterizes the violation of the Lorentz invariance are obtained by a
dynamical, and not purely kinematical, analysis of the NCED effects.
Let us start by evaluating the effects of the dispersion relation in Eq.(4) on the kinematical threshold
for γ → e+e− and γ + γ → e+e−.
In Eq.(4) the noncommutative contribution depends on the angle between the transverse components
( with respect to ~k) of the background magnetic field ~b and of the vector ~θ. At the first order in θ one
has
ω(1 + ~θT ·~bT )/c = k (5)
and the “mass shell” relation becomes
E2γ − k
2 = −2E2γ(
~θT ·~bT ). (6)
where Eγ = ω/c .
In the case of NCED, with no modified dispersion relation for the electron, the decay γ → e+e− is
kinematically permitted [10]. On the other hand this decay is forbidden, for example, with the dispersion
relation
E2 − k2 = −E3/EQG (7)
which comes from quantum gravity effect with typical energy scale EQG [3]. More general relations of
the form in Eq. (7) which include phenomenological parameters, have been considered in [4, 6].
By defining pγ the four momentum of the photon and p+ and p− the four momenta of e
+ and e−,
the kinematical condition for the decay is
− 2E2γ(
~θT ·~bT ) = (p+ + p−)
2 > 4m2e (8)
which requires (~θT ·~bT ) < 0. Since gamma rays with energy ≃ 50 TeV have been observed [19] from the
Crab Nebula this implies that
(~θT ·~bT ) > −2 ∗ 10
−16 (9)
The differences between the dispersion relation for NCED and Eq. (7) are that in our case the parameter
which modifies the relation can be negative, that is the speed of noncommutative light is less than c, and
that there is a different dependence of the modification on the energy (quadratic vs. cubic).
Let us notice that our previous result is essentially the same kinematical limit obtained in [10] where
however the physical mechanism is the difference in the maximum speed between the electron and the
2
photon while in our case the mass shell relation for the electron is unchanged. Moreover in NCED the
modification depends on an external parameter, the background magnetic field. Indeed, in the limits on
(~θT ·~bT ) one has to specify if ~b is , for example, the galactic or extragalactic magnetic field. In discussing
the limit from the observation of gamma rays from the Crab nebula ~b is the galactic magnetic field which
is of order bg ≃ 1µG.
Let us now consider the limit which comes from γ + γb → e
+e− where γb is a background low energy
photon with momentum pb = (Eb, ~pb). In this case the kinematical condition is
− 2E2γ(
~θT ·~bT ) + 2EbEγ − 2EbEγ cosφ(1 + ~θT ·~bT ) > 4m
2
e (10)
where the effect of the modified dispersion relation has been neglected for the low energy photon ( because
numerically irrelevant) and φ is the angle between the momenta of the photons. Since the observation
of extragalactic gamma rays up to energy ≃ 20 TeV is in agreement with the absorption by the infrared
diffuse extragalactic background [21], let us consider the energy Eb is in the range 1 meV − 200 meV
to obtain the kinematical constraints on the noncommutative parameter. Then, for a central collision
(cosφ = −1), the condition is
− (~θT ·~bT ) > +2(me/Eγ)
2 − 2(Eb/Eγ) (11)
which for Eb = 1 meV gives a negative value
(~θT ·~bT ) < −1.15 ∗ 10
−15 (12)
while for Eb = 200 meV gives
(~θT ·~bT ) < 1.9 ∗ 10
−14 (13)
In combining the kinematical conditions in Eqs. (9), (12) and (13) we have to take into account that
the extragalactic background magnetic field beg is about 10
−3 bg. Then, for a far infrared extragalactic
absorption ( Eb = 1 meV ) the conditions, Eq. (9) and Eq. (12), cannot be simultaneously satisfied.
Indeed, the combined constraints limit the range of Eb for absorption of UHEGR. If one evaluates
Eq. (11) with the value in the right hand side of Eq. (9), it can be easily seen that the production
γ + γb → e
+e− is possible only for energy of the background photon Eb > O(10 meV ). This value of
Eb is close to that one which maximizes the standard electrodynamics pair production absorption cross
section [22].
In the second case ( Eb = 200 meV ) the conditions are
− 2 ∗ 10−16 < ~θT ·~bgT < 1.9 ∗ 10
−11 (14)
If we consider the limit |θ| < (10 TeV )−2 and the magnitude of the galactic or extragalactic magnetic
field, the previous conditions are satisfied by many order of magnitudes:
|~θT ·~bgT | < |θT ||~bgT | ≃ 10
−30 (15)
Then the dispersion relation coming from NCED is largely consistent with the present data on
UHEGR. The previous results could be an effect of the simplified version of the theory here consid-
ered. Indeed, in the complete version of NCED also a modified dispersion relation for electrons and
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positrons could possibly be present. However we do not believe that this effects would dramatically
change the previous conclusions and moreover the problem of mass generation in noncommutative field
theory is still open [23] as well as the possibility to have a full consistent quantum field theory [24].
In addition to the kinematical constraints discussed above, there are many other noncommutative
dynamical effects for example in the absorption cross section and in the source gamma ray spectrum. In
fact the standard calculations to fit the observed gamma ray data [22] require the evaluation of the optical
depth for attenuation between the source and the Earth due to the γ + γb → e
+e− cross section and the
most widely investigated model for the production of TeV photons involves the injection of relativistic
electrons via the synchrotron self-Compton mechanism [25].
While from the perturbative quantum noncommutative calculations, where the modifications in the
dispersion relations are neglected, a very small effect to the γ + γb → e
+e− process is predicted [26]
in the energy range Eb ∼ 100 meV , Eγ ∼ 20 TeV with |θ| < (10 TeV )
−2, it has been shown in
[27] that a consequence of the modified dispersion relation, as in Eq. (4), is a large correction to the
classical synchrotron spectrum of a relativistic particle in a strong magnetic field. As an example, the
correction to the synchrotron spectrum for a relativistic electron to O(θ), for |θ| < (10 TeV )−2 and for
ω0 << ω << ω0γ
3 turns out [27]
X =
dI(ω)/dΩ
dI(ω)/dΩ|θ=0
< 1 +
(ω0
ω
)2/3
n× 10−21 × (Eelectron(MeV )/(MeV ))
4 , (16)
where ω0 is the synchrotron frequency, ω is the radiation frequency, γ is the Lorentz factor, Eelectron
is the energy of the electron and n is the value of the magnetic field, which accelerates the electron,
expressed in Tesla. If a 20 TeV photon is produced by synchrotron radiation, the correction is at least
X < 1 + 1.6
(ω0
ω
)2/3
n× 108, (17)
The absolute value of the correction depends on the frequencies and on the magnetic field one is consid-
ering, but this result is a signature that the modification of the dispersion relation is strongly correlated
with dynamical effects. From this point of view, the limits on the typical energy scale of the violation
of Lorentz invariance obtained by deformed dispersion relations and by assuming undeformed dynamical
effects should be taken with some caution.
In conclusion our analysis shows that the kinematical constraints form the UHEGR are too weak to
give meaningful indications on the noncommutativity parameter θ. Conversely, we expect that the NCED
could play a relevant role in the dynamical processes involved in the intrinsic production spectrum of
the UHEGR, as the sychrotron self-Compton mechanism, thus providing a possible mean to put a tight
bound on θ.
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